Abstract. Quasi-stable ratios are defined as making stability which weaker than neutral stability. Various quasi-stable ratios including new ones are quantitatively revealed by performing multi-dimensional Taylor approximation for the momentum equation describing deformation and translational motions of connected flexible particles, although our previous reports based on one-dimensional Taylor approximation cannot. Quasi-stable ratios including about 2:3 which close to golden and silver ratios and 1:1 are identical to size ratios seen in replication of biological molecules (e.g. nitrogenous base pairs and amino acids) and fission of uranium atoms.
Introduction
Let us consider about symbiosis of symmetric and asymmetric ratios such as yamato ratio and golden ratio seen in nature, which is constructed with various sizes of particles. It is known that small particles of child atoms produced in fission of uranium 235 impacted by high-energy neutron have both of symmetric mass ratio about 1:1 and asymmetric mass ratio about 2:3 [1] . Biological particles of child cells divided from mother cell and biological micro particles generated after proliferation also have size ratio 1:1 and about 2:3 [2, 3] .
Quasi-stability is defined as the mathematical condition that one term in the right-hand side of the momentum equation describing deformation and translational motions of connected flexible particles with indeterminacy of particle surface becomes zero, after the right-hand side of the momentum equation is transformed by series expansions such as Taylor
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tral stability. Inevitability of several ratios including 1:1 and about 2:3 introduced above is clarified by the quasi-stability principle for the momentum equation transformed by using series expansion such as Taylor expansion [3] .
The previous reports [2, 3, 4] are based on momentum conservation low, which leads to clarification of bimodal frequency distribution around about 2:3 and 1:1, whereas traditional theories started by Bohr with energy conservation low [5] cannot predict the bimodal distribution. Although the previous reports [2, 3, 4] are based on one-dimensional Taylor expansion, we here use multi-dimensional Taylor expansion in order to model quantitatively the natural phenomena and also to find new quasi-stable ratios.
Methodology
First, fundamental assumptions are described.
Assumption 1: Particles have flexible axi-symmetric spheroid shapes with deformation rate of ( ) (= ( ) ( ) ⁄ ), while ( ) and ( ) are radii for the spheroid particles deformed in time. When 1 , 2 = 1, deformation is absent, i.e. spherical particle.
Assumption 2: Unified form for various surface forces coming from nuclear force, coulomb force, surface tension, and gravity as the form of 1⁄ , while r and m denote local curvature of particle surface and a constant, respectively. m=1 implies fluid-dynamic surface tension.
Assumption 3: We explain phenomena occurring in the short period near the breaking up of particles, i.e., just before and after the two flexible particles are connected in a free outer space.
Assumption 4: Potential flow for convection inside the particles generated by high impact speeds of water molecules or subatomic particles. Potential flow, i.e., irrotational flow, is applicable because we consider sudden deformation during only a short period just before and just after breakup of particle and also because people know that sudden motion of fluid leads to potential flow.
Assumption 5: In-line connection of two particles having the size ratio is considered. =1 means symmetric connection of two identical particles.
Assumption 6: Statistical mechanics based on the Boltzmann equation tells us that a very large window for averaging the aggregation of a huge number of particles results in deterministic continuum mechanics, whereas a small window for a small number of particles leads to a stochastic differential equation. When a small window is used for averaging, physical quantities such as mass, size, and velocity are defined with indeterminacy, i.e., vagueness.
The number of carbon, oxygen, and nitrogen particles inside a nitrogenous base is not enough for a continuum, even if the nitrogenous base is hydrated, because of the order of ten or one hundred. These small numbers of particles will lead to statistical indeterminacy in the governing equations. Moreover, we should consider the other indeterminacy, which appears only for two connected particles. An important point is that, when the statistical indeterminacy
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appears for small number of sub-particles in a parcel and for small window of averaging, the contact-surface position, i.e., relative distance and relative velocity between particles, also becomes indeterminant, i.e., vague. the above two types of stochastic indeterminacy are evaluated as stochastic random disturbance in momentum equations, while random collision force due to the outer particles such as water molecules far from nitrogenous bases hydrated is also included in the random disturbance. [3, 4] Based on Assumptions 1-6, Eq. 1 is derived as the momentum equation of two connected flexible spheroid particles including indeterminacy of contact position in a free space, which is derived based on statistical fluid dynamics including convection based on potential flow assumption and an extended formulation of contact surface tension. Variables denote deformation rate of the spheroid particles, i.e., deviation from sphere as equilibrium shape, denotes size ratio of the two spheroid particles connected, denotes the order of surface force, and ∆ denotes degree of indeterminacy of the contact position of connected particles. We also assumed ∆ = (1 − )/2, although ∆ = 0, because m=1 is assumed for the natural phenomena in the present report. denotes random fluctuation. [3] Now, we consider deformation around equilibrium point ( = 1). We define = − 1 and derive the approximation equation of Eq. 1 by performing multi-dimensional Taylor expansion at = 0 with Eq. 2 [6] .
This perturbative analysis is based on the hypothesis that phenomena occurring in short period near the breaking up of particles dominate behavior of particles breaking up. This analysis enables describing breaking up of particles in various scales from subatomic to Journal of Advanced Simulation in Science and Engineering atomic ones, whereas the whole-time behavior of particles cannot be analyzed. In fact, the following analysis show later can explain actual phenomena in wide range scales (e.g. division of yeast cells, size ratios of elementary particles). Although classical mechanics and quantum mechanics can analyze behavior of particles for long time span, scale of analyzed particle is limited. [3, 4] Equation 3 is the second-order terms of one-dimensional Taylor expansion of Eq. 1, whereas Eq. 4 is the second-order terms of multi-dimensional Taylor expansion of Eq. 1 at = = 0, with the condition m=1, i=1 and j=2. In these equation, the second order terms of Taylor expansion of Eq. 1 are written as (2) The first and second terms on the right-hand side of Eqs. 5 and 6 become zero at particle-size ratio ≈ 1.44, 1.35 respectively. These quasi-stable ratios are already revealed in previous reports [3, 4] . The third term on the right-hand side of Eqs. 5 and 6, which is overlooked in the previous reports [3, 4] also become zero at ≈ 1.36.
Next, let us see the seventh and ninth terms on the right-hand side of Eq. 6. They become zero at ≈ 1.88 and 1.41 respectively. These quasi-stable ratios are derived from the terms obtained only by multi-dimensional Taylor expansion.
It should be stressed that the present ratio 1.88, 1.41 and 1.36 are new quasi-stable ratios derived in present report.
Calculation result
Quasi-stable ratios are derived for each term in the approximation equation of Eq. 1 due to the multi-dimensional Taylor expansion. Computer program "Wolfram Mathematica" is used in order to find various quasi-stable ratios from first to ninth orders of the Taylor expansions. denote differential of y1 and y2. Calculation solutions of complex number are excepted from Table 1 . New quasi-stable ratios found by the multi-dimensional Taylor expansion series for the momentum equation of connected particles with indeterminacy of particle surface are shown in red color, whereas the ratios with black color are derived by the one-dimensional Taylor expansion [3, 4] . Journal of Advanced Simulation in Science and Engineering Figure 1 shows the comparison between quasi-stable ratios in Table 1 for m=1 and actual mass ratios close to size ratios of nitrogenous base pairs in DNA and RNA [7, 8] . Quasi-stable ratios derived by the second order of one-dimensional Taylor expansion in previous report are shown in Fig. 1 (a) , whereas the second order of multi-dimensional Taylor expansion in the present repot results in Fig. 1 (b) [3] . New quasi-stable ratios in Fig. 1 Figure 2 shows the comparison between the quasi-stable ratios depicted in Table 1 for m=1 and actual mass ratios of biological amino acid residues. 
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New quasi-stable ratios appearing in nature
Base pairs
Amino acid residues
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Mass ratios of amino acids residues are seen from glycine residue which have smallest molecular weight. Quasi-stable ratios derived by the ninth order of one-dimensional Taylor expansion in previous report are shown in Fig. 2 (a) [3] , whereas the ninth order of multi-dimensional Taylor expansion results in Fig. 2 (b) . New quasi-stable ratios in Fig. 2 (b) derived from multi-dimensional Taylor approximation equation are shown in red color. It should be emphasized that the analysis based on the multi-dimensional Taylor expansion brings a better result. Figure 3 and 4 show the comparison between distribution of quasi-stable ratios described in Table 1 and actual yield curve of uranium fission [1] .
Nuclear fission of uranium
(a) (b) Figure 3 : Distribution of quasi-stable ratios and yield curve of uranium fission (m=1) Figure 4 : Distribution of quasi-stable ratios and yield curve of uranium fission (m=1&2) Figure 3 shows distribution of quasi-stable ratios derived by using only m=1, while Fig.   4 obtained by using both of m=1 and m=2. The theoretical frequency distributions derived by the Taylor expansion for the momentum equation are obtained under the assumption that one uranium atom divides into two atoms. Each of quasi-stable ratios appears at two positions of corresponding mass numbers. In order to compare shape of the graphs, the graphs are adjusted so that they have almost same height peaks. Frequency distribution of quasi-stable ratios derived by the second order of one-dimensional Taylor expansion in our previous report [3] is shown in Fig. 3 (a) and Fig. 4 (a) , whereas that the second order of multi-dimensional Taylor expansion of the present report brings Fig. 3 (b) and Fig. 4 (b) . Figure 3 and 4 indicate that frequency distribution of quasi-stable ratios derived from multi-dimensional Taylor approxi- Journal of Advanced Simulation in Science and Engineering mation equation match actual yield curve of uranium fission, which is better than that shown in our previous report based on the one-dimensional Taylor expansion [3] . Figure 4 (b) is better than Fig. 3 (b) from point of view on concave-up frequency distribution between 100 and 130. However, there is a very few frequencies at the outer region of actual yield curve in Fig. 4 (b) , which may correspond to the fact that uranium atoms often divide even at the size ratios outside of actual yield curve.
Conclusion
Quasi-stability analysis by using multi-dimensional Taylor approximation quantitatively predict the size ratios of biological particles such as base pairs and amino acids and atomic particles such as those generated by fission of uranium. Frequency distribution of quasi-stable ratios derived from multi-dimensional Taylor approximation also match distribution of yield of uranium fission. In the near future, we will further examine atomic particles such as hadrons.
